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■ We study the realization of chiral and parity transformations within a 

, particle-like path-integral representation for Dirac fields, showing how 

I those transformations can be implemented in a natural way within 

j. ■ the formalism. We then obtain a representation for the chiral fermion 

, propagator and determinant within this framework, and also formulate 

a way to define the average of the propagator over a random mass in 
d = 2n dimensions. 



1 Introduction 



^ I Some important Quantum Field Theory objects can be conveniently rep- 

d • resented in terms of particle-like path-integrals, something which has been 

known since a long time ago ^ |2] . This may be more appealing, from the 
physical point of view, than the standard 'second quantized' picture; be- 
sides, some approximation schemes suggest themselves in a clearer fashion. 
Some successful applications of these representations appeared, for example, 
within the context of the infrared approximation to the evaluation of the full 
Dirac propagator in QED jSl IH E] • They have also been applied to many 
other interesting problems, since its use provides a framework which often 
becomes very convenient for the introduction of non-standard calculation 
techniques 0011113. 
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For the case of non-zero spin fields, different proposals for the construction 
of an integral over first-quantized trajectories have been advanced. Since they 
usually involve different sets of variables, the task of relating them is far from 
trivial, unless it is undertaken at a purely formal level. 

In this article, we build on the results presented in ^Oj, which dealt with 
the particular case of a path-integral representation for Dirac fields, first in- 
troduced by Migdal in jTTj. We first consider the realization of symmetries 
within this framework: in particular, we show how chiral transformations 
can be introduced at the level of the 'particle' trajectories that have to be 
integrated out in order to derive the propagator. We then show how chiral 
fermion fields can be described within this formulation, and how this repre- 
sentation may be used to define chiral fermion propagators and determinants. 

We conclude with the consideration of a random mass, which is a patho- 
logical situation if considered under the light of a representation based on [TT] . 
It is, however, an interesting situation, and we show how the problems can 
be dealt with and a representation valid for this case be derived. 

This article is organized as follows: in section |21 we discuss chiral and 
parity transformations within the context of Migdal's representation. In 
section IHl we present a derivation of the expressions for the propagator and 
effective action of a chiral fermion in an even-dimensional spacetime. 

Section |3] deals with the definition of the path integral for the case of a 
random mass field, and in section we present our conclusions. 



2 Chiral and parity transformations 

Let us briefly review the main properties of the particle path-integral rep- 
resentation, as presented in ^U], for the case of a massive Dirac fermion 
in d Euclidean dimensions. To be specific, we consider a theory where the 
fermionic action, Sf, is defined by: 

Sf{ij,i/j;A) = j d'^xtpV^ (1) 

where the Dirac operator (defined including the mass term) is given by 
T) = ]/) + with p = jfiD^ and = + ieA^. is an Abelian gauge 
field. For the case of a non- Abelian group we replace ieA^ — s> gA^ in 
the covariant derivative. Here g is the coupling constant for the non-Abelian 
gauge theory, and belongs to the Lie algebra of Q {A^ is anti-Hermitian). 

The 7-matrices are chosen to be Hermitian, and to verify the anticom- 
mutation relations {7^, 7^} = 2 5^^. 
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When the number d of spacetime dimensions is even [d = 2n), it is 
convenient to introduce a 7^ matrix, the generahzation of 75 to n 7^ 2, such 
that {7s, 7^} = 0, V^. Following the conventions of [12], we assume that 7^ 
is Hermitian, and that 7^ = 1. 

The Dirac propagator G{x, y; m) is the kernel of the inverse of the oper- 
ator defining the quadratic form in S'/, equation (P), namely: 

G{x,y-m) = {i^{x)i,{y)) = {x\V"^\y) , (2) 

where we have adopted Schwinger's convention: {x\T\y) for T{x,y), the 
kernel of any operator T in coordinate space. The dependence of G on the 
mass has been explicitly written, and we have omitted the spinorial indices, 
although it should be evident from the context that G is a matrix (2x2 for 
d = 2, 3 and 4x4 when = 4). 

When the mass m is constant and positive, a path-integral representation 
associated to G{x, y; m), can be introduced by setting: 

POO 

G{x,y]m) = / dT K:{x,y;m,T) (3) 
^0 

where 

}C{x,y;m,T) = (x| exp[-T(^ + m)] |?/) (4) 
has the path-integral representation: 

l-x{T)=x 

/C(x,y;m,T) = / VpVxe^^^^'^-^-"'^^{T)e^"'^o^^'^-'^, (5) 

Jx{0)=y 

with 

$(r) = V[e~''fo'^^^^^^] . (6) 

There is an analogous path-integral like expression for T{A, m), the 1-loop 
contribution to the effective action due to the fermions: 

T{A,m) = -IndetP , (7) 

where we have omitted an infinite additive constant (that corresponds to the 
determinant of the free Dirac operator). The path integral enters into the 
game through the representation: 

f°° dT f 

T{A,m) = j — j d'^xti}C{x,x;m,T) , (8) 
with /C defined as in (jH). 
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On the other hand, if the mass m is negative, it is still possible to represent 
y; m) in a similar way: 

G{x,y]m) = - dTIC{x,y]m,T) , (9) 

J — oo 

while for F the corresponding formula reads: 

r(A,m) = — d'^xtT}C{x,x;m,T) . (10) 

J — oo J 

The effect of global chiral transformations on Dirac operators is of course 
well known, and can be obtained from the fermionic action (^, by perform- 
ing the corresponding transformations on the fermionic fields. The chiral 
properties of V are reflected in the effect of a 7^ transformation, for example, 
by considering: 

-D' = ^s-D^s , (11) 
which corresponds to the discrete transformation of the fermionic fields: 

ijj'ix) = 73?/'(x) , iIj'{x) = i){x)-is ■ (12) 

For the propagator, we have 

74G'(x,y;m)]"Ss = -[G{x,y]-m)]~^ . (13) 

Let us see how these transformations are realized at the level of the path 
integral representation for G, assuming m > 0. Clearly, the only effect of the 
transformations ()12|) is to change the sign of the exponent of the path-ordered 
exponential: 



/■oo /•x{T)=x 

jsG{x,y;m)'js = dT VpVx e^^ '^^^'^-^"^^ 

Jo Jx{0)=y 



To relate the previous expression to the path integral representation for G, 
we perform a reparametrization of the variables; r — * — r, under which 

P(t) = p{-t) , x{t) = x{-t) , (15) 

and 



-fsGix,y;m)js = dT VpVx e/o''' '^-[^^■^+'"1 

Jo Jx(0)=y 



Then we change variables: T — T in the integration over T, to obtain: 

Jo Jx(0)=y 

or: ^ 

'-fs G{x,y;m) 'js = / dT IC{x,y; -m,T) . (18) 

^ — oo 

RecaUing 0, and that we had assumed that m > 0, we conclude that |T!?)l 
holds true. 

On the other hand, parity transformations in an odd-dimensional Eu- 
clidean spacetime can be represented by: 

^fJ{x) — i> itpi^—x) ip — > iipi^—x) , (19) 

so that the parity transformed of V differs only in the sign of its mass with 
V. For the propagator, a similar calculation to the one for the 7^ case leads 
to a relation between G and its parity transformed G': 

[G{x,y]m)]' = - dT }C{x,y;-m,T) = G{x,y]-m), (20) 
J —00 

while for F we have 

— / d'^xtTlC{x,x;-m,T) . (21) 
-00 J 

We can derive similar relations involving 7^ transformations in even numbers 
of dimensions. For example, due to the cyclic property of the trace, in d = 2n 
we have 

dT f 

— j d'^x tr [7s/C(x, x; m, T)^] , (22) 

and by a similar argument to the one used in p7|) . we see that the only 
change appears in the sign of p in the path-ordered factor. Thus we may 
write an equivalent but more symmetric expression 



d=2n\ 



{A,m) = I ~Y j d'^^ '^^ [^syra{,X,X]m,T)\ , (23) 



with: 

{x,y]m,T) 



x{T)=x 



VpDx e 



J dT(ip-x—m) 



3fJ[$(T)] e-'^^o'i-^-^ , (24) 



x(0)=y 



where the real part of $(r) may of course be also represented as: 



sR[$(r)] = Pcos 



(25) 



On the other hand, we can also obtain a representation for the parity-odd 
part of the effective action (in an odd number of spacetime dimensions). This 
object, Vodd, is given exphcitly by: 



Vodd{A,m) 

with 

}Codd{x,y]m,T) = i 



dT f 

— J d''xtT[}Codd{x,x-m,T)] , (26) 



x(T)=x 



x{0)=y 



VpVx e/'^"(*P-*-"^)5>[$(T)] e"*^i'o''^™-^ . (27) 



^odd is proportional to the imaginary part of the effective action, since Todd 
i3(r). 

Taking advantage of (PT|. for any value of the sign of m, we have: 



odd 



-sign(mj 



dT 



dT 

— I d'^x ti }C{x, x;m,T) 



— I d'^x ti }C{x, x; —m,T) 



or: 



sign(mj 



\niT\ 



dT 



2\T\ 



d'^xiilC{x, X] 0, T) . 



(2^ 



(29) 



Although this is in principle valid for any constant value of the mass, the 
difficulties to generalize the result to dynamical or random masses should be 
evident. This problem is discussed in section |3] 

The generalization of the previous expressions to the non-Abelian case 
amounts to replacing everywhere the Wilson line factor for the corresponding 
non-Abelian object. Namely, 

exp[-ze / (irx^(r)A^(x(r))] ^ Pexp[-5i / rfrx^(r)^^(x(r))] . (30) 
Jo Jo 
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3 Chiral fermions 



The matrix ^{T), defined in (jH)), verifies the 'evolution equation': 

idr^T) = ^{T)^{T) T G [0, oo) . (31) 

To solve it for $(T), we introduce its four 'chiral' components, in the following 

way 

$ll(T) = Pl$(T)Pl , ^lr{T) = PlHT)Pr 

^RLiT) = Pr^T)Pl , ^nR{T) = Pn^T)Pn , (32) 

where Pl = ^^r^. 

Of course, we have: 

$(T) = <l>ii(T) + $i^(T) + ^ni^iT) + $^^(T) , (33) 

and this kind of decomposition holds also true for the propagator and effective 
action, since both depend linearly on $(T). 

The equation of motion (j3T| is then equivalent to a system of four equa- 
tions: 

idT^LLiT) = Pl AT)^Rl{T) , tdr^LRiT) = Pl AT)^Rr{T) 
idr^RLiT) = Pr AT)<^ll{T) , idr^RRiT) = Pr ^{T)^lr{T) ,(34) 

which form two decoupled pairs; namely ^ll only mixes with and ^rr 
with $L/j. For a Dirac field, the initial condition is $(0) = 1; it implies 
$ll(0) = Pl, ^rr{0) = Pr, and $^^(0) = $/jl(0) = 0. 

The solution to these equations may be found by transforming each pair of 
coupled equations into an equivalent system of (coupled) integral equations. 
The fact that there is no coupling between pairs, allows for the introduction of 
chiral fermions, when the proper initial conditions for the ^'s are introduced. 

For example, from the first and third differential equations, plus the initial 
conditions $ll(0) = 1 and ^rl = 0, we obtain: 

$ll(T) = PL-^ r drPL ^(r)$^L(r) 
Jo 

^Rl{T) = -I ! dTPR^{T)<^LLir) . (35) 

Jo 

This allows us to solve for ^ll{T) and ^rl{T), while the other two com- 
ponents, ^rr{T) and ^lr{T), vanish identically for all T when the initial 
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conditions ^rr{0) = and $l_r = are imposed. Note that these two con- 
ditions could be inconsistent on a Dirac fermion. Besides, note that we use 
the term 'initial' here for the T evolution, which is completely different to 
the time (xq) evolution. 

From ()35|1 . we then derive an equation involving only ^ll 

^LL{T) = PL-j dr [ dr'PL^{T)PR^iT')^LLir') , (36) 
Jo Jo 

which may be formally solved in terms of a series: 

$ll(T) = Pl - f dr f dr' K^^Jp,{T)p,{r')PL . . . 
Jo Jo 

+ (-1)" / dTi dT2... dT2n-l / dT2n 



Pl^l (^l) PM2 (^2) . . . ^'itl-l,.2n Pt^2n-l (t"2™-i) P,.2n {r2n) Pl + ■■■ (37) 

where A^t^ = Piliilu- In 1 + 1 dimensions, A^^t^ = + ie^^, so that ^ll{T) 
may be found, in that particular case, by solving equations that involve only 
scalar and pseudoscalar functions. 

Let us examine the particular case of a free (e = 0) propagator. The 
functional integral over in /C yields a S function of p^. In this situation, 
^ll(T) may be explicitly evaluated: 

^ll{T) = cos{Tp)Pl , (38) 

where p = ^p^p^. For Gll^V)-, the corresponding component of the propa- 
gator, an application of Q, (jlj) and (in Fourier space) yields: 

Gll{p) = / dTe-^^ cos{pT)Pl = -^—^Pl, (39) 

as it should be. 

For ^rl{T), on the other hand, we obtain: 

^rl{T) = -t^sm{pT)PL (40) 
P 

which yields: 

Grl{p) = -I- r dT e-^^ ^m{pT) = -^^Pl , (41) 
p Jo P + 
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which becomes the chiral fermion propagator in the m — > hmit. 

The chiral fermion propagator, Grl, is then obtained in the general (e 7^ 
0) case, by considering only the $rl component in the path-integral for /C 
and taking the m — > limit; namely: 



GRL{x,y) 



lim 

m— +0 



dT}CRL{x,y;m,T) 



(42) 



where 

K:RL{x,y;m,T) 



x(T)=x 



VpVx e^'^^^^P"^^RLiT) e-'^^o "^^-^ . (43) 

x{Q)=y 

It is interesting to check that, when m — > 0, Gll 0, while Grl tends 
to the free chiral propagator. Regardless of the fact that Gll — *• 0, ^ll has 
a non-zero limit for m — > 0. This is related, in our context, to the fact that 
in order to regulate a chiral fermion one has to introduce both chiralities. 
Indeed, if the UV divergences that arise for small values of T are regulated 
by distorting the integral over T, this will generally introduce a non-vanishing 
Gll- 

An entirely analogous derivation allows one to define a propagator for 
the opposite chirality. Indeed, one imposes now the conditions $ll(0) = 
$fii(0) =0. Then: 

T 



<^rr{T) = Pr- [ dr f dr'PR ^{t)Pl ^(r) <^RR{r') 
Jo Jo 



and 



$Lif(T) 



— I 



T 



drPL ^(r)$i?i?(r) 



Regarding ^rr{T), we have the integral equation: 

^RRiT) = 1 - rdr f dT'p,{T)K^-^p,{T')^RR{T') 
Jo Jo 



(44) 
(45) 

(46) 



with A^i^^ = Pr^JhJ,, (in 1 -|- 1 dimensions, A^^^ = — ie^u)- It of course 
also admits a formal series solution like the one for although with the 
substitution: A(+) ^ A^"). 

The formal series that solve the equations for ^ll and $_rr, relevant to 
the construction of the two chiral propagators, can be written in terms of 
path-ordering operators; indeed: 



$ll(T) 



n=0 

00 

n=0 



(-If 

(2n)! 

(-1)" 
(2n)! 



dr 



dr 



dT'p,{r)A^^^p,{T') 
dr'p,{r)A(-)p,{T') 



Pt. 



Pi 



R 



(47) 
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A square root can be introduced, just in order to have more compact expres- 
sions: 



^LLiT) = VcosJ [ dr [ rfr'j9^(T)AgV,(r') . (4J 
RR \ Jo Jo ^ 



It should be noted that, in the previous expressions, the V operator acts also 
on the functions that are contracted with a matrix A^t'*; for example: 



+ 0{r' - r)p,{r')KfJpu{r) . (49) 

For a general product, the V operator acts by ordering the p' s according 
to their arguments, and connecting them pairwise with the A matrix (i.e., 
connecting each consecutive pair of p's). 

In 1 + 1 dimensions, we can make use of the identities: 

p^(r)A(tW(r') = P(r)p(r') , p^(r)AtW(r') = p(r)p(r') (50) 

where p = po + ipi and p = po — ipi, to write the sum of the series in the 
following way: 



$ll(T) = ^cosW^ dr dr'p{r)p{T') Pl 



^RRiT) = ^cos^^ dr dT'p{r)p{r') Pr . (51) 

We conclude this section by presenting the expression for effective actions 
Tl,/? corresponding to the chiral fermion determinant of the given chirality: 

Tl{A) = lim / — / d'^x tr/Cii(x,x;m,T) , (52) 

R m-*0 Jq T J RR 

with 

/•x{T)=x 

ICr.L{x,y;m,T) = / VpVx '^^^'p '^-"'^^ ll{T) e-''^o ^r^-A _ (53) 

RR J^^f^-j^y RR 

The decomposition of $(T) into its components can also be applied to 
the derivation of the effect of continuous chiral transformations in this rep- 
resentation. Indeed, the transformations: 

^{x) e*'^(^)^^V'(a;) , ^{x) ^/;(a;)e*"(^)^« (54) 
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lead to the following transformations at the level of $(T): 

<^nR{T) ^ e-^"(^)$^«(T)e-*"(J') <I>lr(T) ^ e^-(^)$i^(r)e-^"(^) (55) 
where x and y denote the arguments of /C(x, y; m, T). 

4 Random mass 

It is interesting to see how a random mass in d dimensions may also be 
described within this formalism. By 'random mass' we mean that the mass 
m in the Dirac operator is now a function M{x), and that one wants to 
functionally average over the configurations M{x), with a weight function. 
To be concrete, we will consider Gaussian averages {■ ■ .)m defined by: 

{...)m = JvM ... e-^/'^^-W-)]^ (56) 

where is a positive constant. The main difficult to confront from the point of 
view of the path-integral representation is that a varying mass will take both 
positive and negative values, and the representation we are using depends 
explicitly on the sign of the mass. A naive application of the previous average 
formula to the representation for a positive mass, say, yields a contribution 
that blows up when integrating over T. 

One way to avoid this problem, is to consider instead the inverse of 
Tif) = ^isT^- The inverse of Tin is obviously related to the one of P, since 
= 'Hjj^'js- However, it is much easier to average over the inverse of T-Cd- 
To see this, we consider the representation: 

POO 

{x\n-o'\y) = I / dT{x\U{T)\y) (57) 

where U{T) is the evolution operator in real time for TY/j, which is a Dirac 
Hamiltonian in d spatial dimensions. More explicitly 

Hd = %{P + M{x)) (58) 

and we assume a —is is added to to pick up the proper contribution in 
the T integral. 

Note that 7^ plays the role of Dirac's matrix, while the 'a' matrices 
are given by: 7^7^ = ^a^. The kernel /C for U(T) can then be represented by 
a path integral: 

/C(x,y;M,T) = {x\U{T)\y) 
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j-x{T)=x 

/ VpVxe'^'^^P-^^{T) e-'^^^drx^A^ ^ (59) 

Jx{0)=y 



where 

= Pe"*-''^^'^'^'"''^''^'^-'"'"'^''^'^''^^'^-'-'' , (60) 

and the /i index runs from to — 1. The $ factor contains the mass 
multiphed by a Hermitian matrix, and is so in a position analogous to the 
momentum. 

The average over the mass can now be performed by introducing a local 
representation for the factor $(T), like the one considered in ^Ul? obtained 
by adding Grassmann variables. For the interesting case of 2 dimensions, the 
expression is simple, since 



G{x, y; M) = / dT / VpVxV^ exp[-5(p, x, I] T)] 

Jo JxiO)=y,m=( 

(61) 



where 



Jo 



+ ^^-^MixiT)m-^0-^iPo + ^Pl)^ 

- i{po - ipi)^ + iex ■ A] . (62) 

The presence of an imaginary exponent allows us to average over M, obtain- 
ing: 

{G{x,y;M))M = i dT ' VpVxV^D^ 

Jo Jx{0)=y,m=^ 

X exp[-5e//(p,x,^,^;T)] (63) 

where 

SUp, X, e, T) = e(r)e(T) + [ dr [-zp -x+^i- 2(po + ^Pl)^ 

Jo 



T rT 

dr 
Jo 



Kpo - ipi)^ + tex ■A]-2g I dr j dr' m{T)5{x{T) - x(r'))(eO(^') • 

(64) 
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5 Conclusions 



We have derived expressions for the reahzation of parity and chiral trans- 
formations within a particle-hke representation, and for the propagator and 
determinant of a chiral fermion field. Although we presented the results for 
the case of an Abelian gauge field, their non-Abelian generalizations proceed 
simply by making the substitution of equation (jHUj) . 

We wish to point out that, when one considers a propagator in an external 
(non-dynamical) field, a particle-like representation is more natural than a 
second quantized functional integral. The reason is that, to represent that 
kind of propagator, the path integral cannot contain physical field degrees 
of freedom. It is rather an integral over particle-like trajectories. Indeed, 
G{x, y; m) can be obtained from a path integral over Grassmann fields -0, if) 
as follows: 

G{x,y-m) = [detV]-^ j V^V^j ij{x) ^{y) e" / , (65) 

where the det~^ factors must be present in order to cancel the det which 
comes from the Grassmann integral. Of course, this is not a local represen- 
tation, precisely because of the determinant. In order to localize it, one is 
forced to introduce bosonic spinorial fields ^9, so that: 

G{x,y-m) = j ViljVi;VipV^ij{x)ij{y)e-^'''<^^^^^'^'') . (66) 

And finally, one can write the even more symmetric expression: 

G{x,y;m) = j Vil:V'4]VLpVip]A^^l){x) ij{y) + if{x)(p{y)] 

This expression is invariant under two supersymmetry transformations s, 
s that act on the fields as follows: 

s'lpi^x) = ip{x) s(p{x) = ifj^x) (68) 



sipi^x) = (f{x) s(f{x) = —ipi^x) (69) 

and all the other transformations equal zero. It is evident that both s and 
s are nilpotent (s and s are assumed to anticommute with ip, The exis- 
tence of these BRST-like symmetries implies, by the Parisi-Sourlas mecha- 
nism ^3], that there are no physical field degrees of freedom for the fields. 
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Namely, the only remaining physical degrees of freedom can only be zero- 
dimensional; i.e., particle-like. 

Regarding the expression for the average over the random mass, we point 
out to the fact that it is possible, in principle, to generalize the procedure to 
any even number of dimensions, since the Dirac algebra may be also dealt 
with by the introduction of the proper raising and lowering operators. 
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